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A multigrid method for finding stationary solutions of the Euler equations is described and
tested. Spatial discretization is obtained by upwind differencing. Implicit time discretization is
applied to construct a switched evolution/relaxation (SER) scheme. The multigrid method, a
correction scheme, accelerates the inversion of the large linear system that arises in the SER
scheme. In a two-dimensional transonic test problem the correction scheme is used in com-
bination with symmetric block Gauss-Seidel relaxation. Restriction is carried out by the
addition of residuals and corresponding blocks; prolongation by the simple distribution of
coarse-grid corrections to the finer grid. It turns out that the total amount of work required to
obtain a converged solution is roughly proportional to N®!, N being the number of zones,
both for a first-order and a second-order accurate solution. The gain in efficiency with respect
to a single-grid scheme thereby becomes proportional to about N®* in both cases. © 1985

Academic Press, Inc.

1. INTRODUCTION

Implicit time discretization, combined with upwind space differencing, yields a
fast and robust method for finding stationary solutions of the Euler equations. Par-
ticularly successful is the switched evolution/relaxation (SER) scheme, which
provides a smooth switching between explicit time integration and Newton’s
method for finding zero values of a given function. For one-dimensional problems
quadratic convergence can be obtained, as shown in an earlier paper [1].

In two dimensions the exact inversion of the linear system arising in the implicit
formulation is too costly. Various approximate solvers are described in [2],
yielding a convergence speed that is considerably better than the speed of the pop-
ular ADI or AF methods.

In this paper an efficient approximate solver based on the multigrid method for
the solution of large linear systems, the correction scheme, is introduced. An outline
of the basic multigrid concepts can be found in [3]. Here they are formulated in the
context of the upwind-differenced Euler equations for problems containing discon-
tinuities (Sect. 2). In Section 3 a test problem is described: transonic flow through a
channel with a circular bump at one wall. Numerical results for single grid and mul-
tigrid, with first- and second-order spatial accuracy, are given in Section 4. Sec-
tion 5 contains some conclusions and suggestions.
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2. METHOD

For clarity the multigrid method will be explained for a one-dimensional scalar
hyperbolic equation. Generalization to a system of equations in one or more dimen-
sions is straightforward and will be presented further on. Let the equation be:

ow_of _
5= 3 TAW)=rw), (1)

Here f(w) is the flux of the state quantity w, g(w) is a source term, and r(w) is the
residual, the function that must be made to vanish. The implicit scheme of our
choice is the linearized “backward Euler” scheme:

L"A,w"=l: ! <ﬂ>n]d,w"=r"(w”). (2)

A" \aw

The superscript n denotes values at a time ¢”, while A¢"=¢"*'—¢" and
A w"=w"*!—w" The spatial coordinate x is assumed to be discretized according
to x,=(i—%) dx. The discrete values w, of the state quantity are obtained by
volume averaging:

1 rxi+1/24x
W::—J dxw(x), i=1,.,N. (3)
Ax ) _vpax

The local residual r(w) is computed, for the present purpose, by a first-order
upwind-difference scheme on a three-point stencil: r,(w)=r(w,_,, w;, w, ;). The
timestep A" is determined by

At" = ¢/RES",

" (4)
RES" = max (____lr,-(W)l >,
i (Wil + h?

where A7 is some bias to prevent division by zero. In this way the implicit scheme
(2) becomes a SER scheme. In the initial phase of the iteration process, Eq. (4)
guarantees that the relative variation of w is at most of the order of ¢, the value of
which is chosen in advance. If 4¢” is small, the implicit scheme behaves very much
like an explicit time-accurate scheme. This is a safeguard against approaching an
unphysical solution. Once the solution is getting closer to the steady state, A¢"
becomes larger and the scheme automatically switches to Newton’s method.
Quadratic convergence can be obtained, but need not be the ultimate goal.
Experience teaches that once the residual RES” has dropped to a level between
107! and 10~? times its original value, an explicit scheme usually loses its con-
vergence speed. Switching to Newton’s method may provide a fast way to reach a
level between about 10~* and 10~ which is sufficient in most cases. Newton’s
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method requires the solution of the linear system (2), so it pays to put some effort
in a reasonably accurate inversion. At this point a multigrid strategy becomes
desirabile.

The basic ingredients of a multigrid scheme are: (i) relaxation, (ii) restriction,
and (iii) prolongation. To simplify the notation we introduce the linear system

Lu=f, (5)

where f=1r".
The single-grid relaxation scheme provides an approximate solution s™ according
to:

s™i= LY
wrtli= w4 57 (6)
fm+l :=fm_Lsm‘
Here L is an approximation to L. If the initial values are chosen to be f°=r" and
u®=0, then a proper relaxation scheme will converge to the exact solution
u* =L~ 'f. In practice, one will find an u* after M sweeps which is a reasonable
approximation to u*, and assign this ¥ to 4,w. Suitable relaxation schemes are

described in [2].
The multigrid correction scheme tries to solve the linear system

Le™=f", (7)

where the defect ¢” =u* —u™. A simple restriction operation is
v,=R,< i ) R,=31 1), (i=1,3,., N— 1; I=(i+1)]2), (8)
i+t

implying that the coarse-grid values v, are obtained by averaging the quantities v,
and v,, ;. This is consistent with (3) if v =w and preserves the conservation form of
the right-hand side of Eq. (2) if v =r. The linear system (7) can now be restricted as
follows:

(RLeR™")(Rer) = (Rfy) +e.
or 9)
L, e. = [, +e..

The subscript f corresponds to the fine grid and ¢ to the coarse grid; ¢ is an error
term to be specified shortly. The matrix R~' may be defined as

R‘=2RT=<1). (10)
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If both the left-hand and right-hand side of Eq. (9) are multiplied by 2, the com-
putation of f, and L_ reduces to simple additions, as all the weights in (2R) and
R ! are equal to unity. Now RR ! is the identity operator; the combination R~ 'R,
however, is not. In fact, the operation R~'Re,, occurring in Eq. (9), replaces two
neighboring values of e; by their average:

e; 1{e;+e;
RTR[ )=z ’“). 11
(ei+1> 2<ei+ei+1 (1
The resulting error can be described by an operator Q=4(1 —1) and its
generalized inverse Q ~'=20Q7. We have
1 e, 1/e;—e;,,
= , 12
¢ Q(€i+1> 2(ei+l_ei> (12)

so that R™'R+ Q ~'(Q results in the identity operator. It follows that the error term
in Eq. (9) equals

.= —RL;Q ™ 'Qe;. (13)

As seen from Eq. (12), ¢, contains the information about the difference between
values in neighboring zones and therefore represents a high-frequency error. As the
defect e; is yet unknown, the error term has to be dropped from the coarse-grid
equation (9), which is reasonable if e; only contains low-frequency components.
This can be accomplished by using a fine-grid relaxation scheme with good high-
frequency damping before restriction.

An approximate solution of the coarse-grid equation L.e. =/, can be found by
applying the relaxation scheme (6), starting with /0= £, and %= 0. After M sweeps
one obtains a approximate solution e*, which has to be transferred to the fine grid.
For the prolongation of any variable v, from the coarse grid to the fine grid one
only has the conservation condition v,=1(v;+v,, ). In principle this leaves the
freedom to choose a gradient in the zone I, yielding a difference between v; and
v;,1- Such a gradient could be computed on the coarse grid by a finite-differencing
procedure, similarly as in the second-order accurate upwind-difference scheme
described in Appendix I1. However, the experiments described later showed that the
computation of gradients reduced the number of multigrid cycles by a few, but that
the total amount of cpu time increased. The most cost-effective way is to distribute
e¥ uniformly over the fine grid:

M

c

m

si=e
urt o= w4 sy, (14)
freti=fr-Lsp.

Some relaxation sweeps on the fine grid can be carried out subsequently to reduce
the interpolation error.
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The multigrid strategy used in this paper is a simple V cycle. Of course it could
be made as subtle as one would wish. For instance, more effort could be spent on
solving the linear system as the solution moves into the regime where Newton’s
method starts working. At present, however, our only aim is to demonstrate the
utility of multigrid relaxation.

A full V-cycle has the following stages:

(i) Compute r"(w) and L"(w) on the finest grid and initialize f{ = r"(w) and
uf =0.

(ii) Perform one or more relaxation sweeps as given by Eq. (6) to reduce the
high-frequency error mentioned earlier.

(ili) Restrict the present /7" and the matrix L; and carry out (ii) on the coar-
ser grid. Repeat until the coarsest grid is reached.

(iv) On the coarsest grid one has the choice between an application of the
relaxation scheme or an exact inversion.

(v) Prolongate the coarse-grid correction ¢ to the finer grid according to
(14). One or more relaxation sweeps must follow in order to reduce interpolation
errors. Repeat until the finest grid is reached.

(iv) Assign the final u} to 4,w.

This multigrid scheme may be generalized to a system of equations by replacing
the scalar functions w(x, ¢) and r(x, t) by vector functions of x and ¢; thus, the local
dr/dw becomes a matrix and L gets a block structure. The generalization of restric-
tion (averaging) and prolongation (uniform distribution) to more than one dimen-
sion is straightforward. For nonuniform grids it is convenient to multiply Eq. (2) by
the local cell volume. This ensures the appropriate weighting during the restriction,
which then reduces to a simple addition. Details for the two-dimensional case are
given in the following section.

3. TeEST PROBLEM

The method is tested on the two-dimensional problem of transonic flow through
a straight channel. The flow runs along the x direction and is obstructed by a cir-
cular arc on the lower wall. The channel has an x coordinate running from —1.5 to
2.5 and a y coordinate running from 0.0 to 2.0. The circular arc between x= —0.5
and 0.5 at y=0 has a maximum thickness equal to 4.2% of the chord. Thin airfoil
theory is used to transfer the boundary conditions at the arc onto the flow. For
simplicity a uniform grid with square zones is adopted. The free-stream Mach num-
ber is chosen to be 0.85, resulting in a transonic but unchoked flow.

In this setting the isenthalpic Euler equations in conservation form are solved for
an ideal gas with y=1.4:
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w__ o %
a ox Iy

P pu pv
w= (pu), f= (p(u2+cz/v)), g=(puv )
pv puv p(v* +c?/y)

Here w represents the vector of state quantities and f and g the fluxes in the x and y
directions, respectively. The system of equations is closed by specifying the total
enthalpy:

(15)

H=c/(y—1)+4§(*+v*)=H,. (16)

In the test problem the free-stream values are chosen to be: p, =1, ¢, =1,
u,, =0.85, v, = 0. The bias in the timestep given by Eq. (4) can be generalized by
letting i
RES"=max<—,;lL'""l;n), k=1,2,3,i=1,y No.j=1,.. N, (17)
gk \ Wil + Al

with the bias h; =0 and h,, = h;3 = pc. The parameter ¢ is taken to be 1, but this
choice is not very critical.

For the unchoked case two boundary conditions at the inlet and one at the outlet
should be specified. At the inlet the direction of the flow (v=0) and the total
pressure are given; at the outlet the static pressure is specified. For the test problem
the inlet and outlet parameters are chosen in accordance with the free-stream
values. Boundaries at the lower and upper wall are simulated by the introduction of
an extra zone having reflected state quantities. Further details can be found in
Appendix L

The system (2) is discretized in space with the aid of flux-vector splitting to
accomplish the upwind differencing. The split fluxes used are those proposed in
[4], as these can be easily linearized. They are given below for completeness:

f=rr+r-,
pu
o (pvl(u2+c%)) i s
puv
1
f’L=—'0—(u+cl)2 (Zylcl) if |ul<ey, (18)
4c,
v

0
f+=(0) if u<g —c,.
0
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Here ¢2 =2y, (H—4v?), y,=(y+ 1)/(2y) and y, = (y — 1)/(y + 1). The fluxes in the y
direction are split similarly.

Flux-vector splitting is used for the interior flow and at the lower and upper
boundaries. At the inlet and outlet the full flux is computed from the boundary con-
ditions and extraplolations (see Appendix I). Equation (2) multiplied by 4,x4,y
becomes

X X —
A,-jA,w,-j~B,_.,.A,w,-‘,‘j—— C,.jA,w,-H‘j—— B;;A,w,;j‘l—C,szl,w,‘j+1 =ry

ro=—A;y(f 5 —fi =)
_Aix(gi:1+z+g;;+ — 8y —gi,+j~])9 (19)

d4;x4;y daft (df ]
el il EANS (¥ _
Ay At + Jy[( aw /; aw /;
dg* dg~
* A,-X[< dw )[1'-<W)i/‘:|,
df df/>
Bi=4, Ci= -4yl - ,
v jy( dw )i— 1,_/’ i jy( aw /i1,
-

dg* d
BYv=A. Y= —A. o i
Y 'x< dw )i.j~l’ C"’ ,x( dw )i,_j+1

Restriction simply adds the contributions of zones (i, j), (i+1,)), (i, j+1), and
(i+1,j+1)fori=1,3,5,.,N—landj=1,3,5,.., M—1, and assigns the result to
zone (I, J)=((i+1)/2, (j+ 1)/2) of the coarser grid. For r we obtain

Fia=Vitrictricit v (20)
and for the linear system
A=A+ A+ Aot
-[Bf, Lt Bf+1,j+1 + ij"' ij+ 1]
_[B{j+ 1 + B:V+ tj+1 + C}){j+ C{+ l,j]ﬂ
B, =B+ B;

ij+1
C';,J=Cf+1,j+ Cf+1,j+1 (21)
By ,=B},+B},,,

— a4
C)I,J_ C{j+1+ Ci+1,j+1'

The right-hand side r,, if multiplied by the local volume 4, x4, y, can be considered
as the integral along the zone boundary of the flux perpendicular to that boundary.
This property is preserved by the restriction operator: all the flux contributions
from the interior of the coarse zone cancel, leaving only those at the coarse-zone
boundary.
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The relaxation scheme used in this paper is a linearized version of the symmetric
block Gauss—Seidel scheme, with the first sweep in the positive x and y direction
and the second sweep in the opposite direction. A forward Gauss—Seidel sweep
implies that in computing s7/ the forward elements s, | ; and 57, , | are assumed to
be zero, while for the backward elements s7” , ; and s7%_, the values most recently
obtained are used. This linearized block Gauss-Seidel involves the inversion of 4,
and a number of matrix multiplications. The combination of two sweeps in opposite
directions results in a good short-wave dampening, for both the first-order and the
second-order scheme [2].

Second-order spatial accuracy is obtained by assuming the discrete quantities p;,
u;, and v; to be piecewise linear rather than piecewise constant in a zone. The
linear dependence can be represented by the x and y components of the gradient.
These are computed from differences across the zone boundaries by an averaging
procedure that preserves monotonicity. The gradient is used to find the quantities p,
u, and v on the zone boundary where the split flux vectors are computed. Details
can be found in Appendix II. The linearization of the flux vectors, required for the
implicit time discretization, is complicated. Therefore, an incomplete linearization is
adopted by using the same Jacobians as in the first-order scheme, but computed
from the boundary values (see Appendix II). In this way, the matrix L has the same
structure as in the first-order scheme. Obviously, Newton’s method is not exactly
obtained in the relaxation phase of the SER scheme, which leads to some loss of
convergence speed. Nevertheless, it still pays to carry out the multigrid scheme, as
will be shown in the following section.

4, RESULTS

The performance of the multigrid scheme was compared with that of the embed-
ded single-grid scheme. The single-grid scheme consists of two block Gauss—Seidel
relaxation sweeps in opposite directions, after which »'® is assigned to 4,w. The
multigrid scheme includes two relaxation sweeps before every restriction, and two
after every prolongation. On the coarsest grid (2x 1) an exact inversion was
programmed. It turned out that this exact inversion made the multigrid scheme
very sensitive to the treatment of the boundary conditions. For instance, a version
of the computer program with a different kind of extrapolation at the inlet and out-
let—using the quantities p, u, and v directly instead of the characteristic variables
(see Appendix I}—showed a convergence speed that was considerably worse with
the exact inversion than without. Apparently, the exact inversion couples the boun-
daries so strongly together that any deviation from the proper treatment
deteriorates the multigrid convergence.

The efficiencies of the multigrid and single-grid scheme can be measured by the
usual quantity “work.” Our restriction and prolongation operators are so simple
that the relaxation routine is the most time-consuming part of the multigrid scheme.
Therefore, the total amount of “work™ can be found by counting how many times
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the relaxation routine is applied on each grid, weighting each grid total with the
relative grid size (number of zones divided by number of zones on the finest grid)
and summing over all grids. Defined in this way, the unit of “work” is independent
of the number of zones on the finest grid.

A single-grid iteration involves two relaxation sweeps, so the amount of work per
iteration is 2. The work involved in a multigrid V-cycle starting, for instance, from a
32x16 grid, equals 4(1 +1+ &+ &) +%5=>53. In the latter number the com-
putational effort in restriction and prolongation is neglected. On the other hand, in
iterating with the single-grid scheme, there is one non-linear computation of r"(w)
per 2 work units, as opposed to one per 5.3 for the multigrid scheme. Especially for
the second-order accurate r”(w), the non-linear computation is more costly than the
linear update of /7 in Eqs. (6) and (14). This amply compensates for the additional
effort in restriction and prolongation.

Besides the amount of work, the cpu time per iteration was monitored. In com-
paring the two, one should be aware of the following efforts to keep the total
amount of cpu time low:

(i) The inverse of A, required in the block Gauss-Seidel relaxation scheme is
actually computed and stored in memory, so that it can be used in all relaxation
sweeps per iteration on the same grid.

(ii) After a non-linear computation of r"(w), the block matrices required for
L"(w) are not always computed. These matrices are frozen now and then, which
avoids a new linearization, all the inversions for relaxation, and all the restrictions
of matrices in the multigrid cycle. To control the freezing, a sequence of levels is
defined, specifically, 10!, 3x 102, 1072 1073 104 10-% and 0. As soon as
RES"/RES®, defined in Eq. (17), drops below the first level, the matrices are frozen
until the next lower level is reached. Then all the matrices are computed again and
frozen until the following level is reached, etc.

It may happen that RES passes through a certain level from below. Then the
freezing is postponed for a few iteration cycles until RES drops below this level
again. The choice of levels is somewhat arbitrary, and problem dependent. For our
test problem, convergence histories in terms of work were practically identical with
or without freezing.

Convergence histories of the first-order accurate solutions are shown in Fig. 1, for
a16x3,a32x16, and a 64 x 32 grid. In all cases the muitigrid scheme requires less
work than the single-grid scheme, and the gain in efficiency is more dramatic as the
number of zones increases. Figure 2 shows the convergence of the second-order
accurate solutions. The total amount of work has increased, due to the incomplete
linearization of the right-hand side r"(w).

For the quantitative analysis of the convergence results, a quantity t is
introduced,

A4 work

©= T Alog,o(RES)’ (22)
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Fig. 1. Convergence histories of the first-order accurate solutions on 3 different grids. In all cases the
multigrid scheme is faster than the single-grid scheme. For the multigrid scheme, the total amount of
work increases only slowly with the number of zones.

being the amount of work required to bring the residual RES down by a factor 10.
Table I shows the convergence data for the 3 grids, for first- and second-order
accurate solutions. Three values of 7 are given: the first one is computed for the
drop of RES from its initial value to 103, the second one for the drop from 10 ~°
to 107!°, and the last one for the full drop from the initial value to 107'°. The
corresponding number of iterations is given as well. One iteration involves 2
relaxation sweeps in the single-grid case, and a full V cycle in the multigrid case. In
both cases, the number of iterations is equal to the number of non-linear
evaluations of the right-hand side r"(w). The cpu time required for these iterations
is given in seconds on an Amdahl V7B. WRF is the work-reduction factor being the
ratio of t for the single-grid and for the multigrid scheme; CRF is the
corresponding reduction-factor of the cpu time.

The single-grid runs show that the work increases with the number of zones N:
roughly as N®° for both the first-order and second-order accurate solutions. With
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Fic. 2. As Fig. 1, but for the second-order accurate solutions. Due to the approximate linearization,
convergence is somewhat slower than in the first-order case.

the multigrid scheme we find a dependence proportional to about N“! in both
cases, making the amount of iterations required to obtain a converged solution
almost independent of the number of zones. For elliptic equations it is well known
(5] that the number of iterations should be independent of N, if N is large. In the
hyperbolic case such a result cannot be expected a priori, certainly not for solutions
with discontinuities. Indeed, the weak dependence on N found here is encouraging.

We end this section with Figs. 3a and 3b, showing the distribution of the pressure
coefficient on the bottom and top wall, obtained with the first-order and the
second-order scheme, respectively. The pressure coefficient, defined as
C,=(P—Px)3poul, is computed from the values of p, u, and v at the wall
obtained by zeroth-order extrapolation from the first-order solution and first-order
extrapolation from the second-order solution. Thus, the same values are adopted as
used for computing the fluxes at the wall, although formally one could go one order
higher in accuracy when extrapolating towards the wall.

581/60/2-6
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TABLE 1

Convergence Data

Single-grid Multigrid
Number Order
of T Iter.  Cputime T Iter.  Cputime WRF CRF of
zones (s) (s) accuracy
16 x8 204 51 7.1 7.2 7 i1 28 23 Ist
379 95 11.1 84 8 22 4.5 49
29.1 146 18.2 7.8 15 53 37 34
32x16 39.7 99 44 116 11 14 34 3.2 Ist
76.4 191 78 116 11 11 6.6 7.2
58.0 290 122 11.6 22 25 50 49
64 x32 91.8 230 380 13.8 13 65 6.6 58 Ist
143.3 358 558 12,6 12 48 114 11.6
117.6 588 938 132 25 113 8.9 8.3
16 x8 26.1 65 10.9 16.7 16 6.0 1.6 1.8 2nd
41.8 105 15.1 19.8 19 5.3 21 28
340 170 260 18.3 35 11.3 19 23
32x16 41.7 119 68 212 20 26 22 2.6 2nd
73.9 185 96 314 29 32 24 30
60.8 304 164 26.3 49 58 23 28
64 x 32 99.7 249 520 269 25 128 33 4.1 2nd
142.7 357 713 230 22 94 6.2 7.6
1212 606 1233 25.0 47 222 4.8 5.6
"a T T T T T T T b T T T T T T T
1.0 F - 1.0 .

-CP ~CP

-0.8 1 ! L L ! -0.8 ! ! L 1 | | L
-1.5 X 2.5 -1.5 X 2.5

Fic. 3. (a) Pressure coefficient on bottom (+) and top wall ( x ) for a 4.2% circular arc and a free-
stream Mach number 0.85, as computed from the first-order solution on a 64 x32 grid. Thin-airfoil
theory is applied to transfer the boundary conditions to the flow; (b) As in (a), but computed from the
second-order accurate solution.
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5. CONCLUDING REMARKS

It has been demonstrated that the multigrid technique can be successfully applied
to compute a stationary transonic solution of the Euler equations. For the two-
dimensional test problem the gain in efficiency with respect to a single-grid scheme
is of the order N°*, where N is the total number of zones. Consequently, the num-
ber of iterations required to obtain a converged solution, whether first- or second-
order accurate, increases only slowly with N: roughly as N®'. This result certainly
justifies the additional effort of coding the multigrid scheme, which does not require
more programming effort than a line-solver, even in FORTRAN (see [6]).

While these results are encouraging, two important issues must still be addressed.

The first one is: how to go through the initial phase of the iteration process? The
searching phase of the SER scheme is almost explicit and the multigrid scheme
solves the linear system (2) more accurately than is necessary. A single-grid solution
would suffice. For our test problem the searching phase only takes a few iterations,
but for a more difficult problem this phase may take much longer. In that case it
would be more efficient to use a single-grid scheme until the residual has dropped
to, say, a fraction 1072 of its original value. One could also make successive grid
refinements to speed up the searching phase.

The second issue is: the choice between saving on storage and saving on cpu
time, which are mutually exclusive. The linearized block Gauss-Seidel relaxation
scheme is very efficient, but requires the storage of all the necessary matrices. An
alternative would be to change from a correction scheme to a full approximation
storage (FAS) scheme [3]. The Gauss—Seidel scheme could then be implemented
non-linearly and would require only the computation and inversion of the local
main-diagonal block 4, (see Eq. (19)).

A FAS scheme for the Euler equations has been successfully applied by Jameson
[7]. His relaxation scheme is a four-stage method of the Runge-Kutta type, involv-
ing four non-linear updates of the residual per step but no matrix evaluations. In
consequence the method requires little storage. The multigrid scheme by Ni [9]
(see also [10]) does not exploit the full capacity of the multigrid technique, but
merely helps to communicate local corrections to the solution through the entire
computational domain. A symmetric non-linear Gauss—Seidel scheme has the same
effect and probably performs just as well, without the use of multiple grids. To
make such a scheme as simple as Ni’s, the matrix 4, in Eq. (18) can be replaced by
its spectral radius; this, however, will result in a slow-down of the convergence. The
off-diagonal matrices are not needed in a non-linear formulation. For a vectorized
version one could use a checkerboard instead of a Gauss—Seidel scheme. Finally, we
mention the work by Jespersen [8] that is based on the same ideas as the present
method, ie., upwind differencing through flux-vector splitting and linearized
Gauss—Seidel relaxation. His scheme, however, adopts a nodal-point approach,
whereas we use a finite-volume discretization with corresponding restriction and
prolongation operators. His use of non-differentiable split fluxes might cause
problems (see [1]). It is not clear whether his scheme can provide convergence
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down to machine-zero or just to a level comparable to the discretization error. In
the latter case, the numerical solution may still contain a systematic deviation from
the steady state.

It is our hope that the present paper will contribute to the standard use of the
multigrid technique in computing stationary solutions of the Euler equations, either
in the form of a correction scheme or a FAS scheme. As the computational effort
becomes less important, one may concentrate more on accuracy, for instance, by
introducing a more sophisticated spatial discretization of the equations or by
implementing adaptive grid refinement.

APPENDIX I: BounDARY CONDITIONS

The test problem requires a separate treatment of the boundary conditions at the
inlet, at the outlet, and at the lower and upper wall. At the inlet the direction of the
flow (v, =0) and the total pressure p, are given; at the outlet the static pressure p, is
specified. The other state quantities at the boundary are obtained by extrapolation
from the interior solution.

The natural variables for extrapolation are the characteristic variables. For the
isenthalpic Euler equations used in our test problem the eigenvalues of df/dw and
the corresponding characteristic variables are

,11=u_ci;dJ1=.‘{£*ﬂ_(y_1)v_‘;9:d_p_ﬂ (ALla)
p c, c p c_
dv

dp=w  dn, =%, (AL1b)
C
dp d dv dp d

A=ute, dl, =L+ 2 (-T2 2 (AL1c)
P p e,

Here p=pc?/y=pc. c_ is the pressure, and the modified velocities of sound are
given by
¢y = —ysut(Sly+yiu’)'”, (Al2a)

c_ =ysu+(Ply+y3ut)?, (A1.2b)

with y;=17y,y,=(y—1)/(2y). From dg/dw similar expressions arise.
At the inlet the boundary values p,, ¥, v, are computed from four conditions:

(i) the total enthalpy: H=c?/(y — 1} + 4(u? + v?);
(i) the total pressure: po=p,{(y — 1)H/c2} ¥~ 1),
(ili) the direction of the flow: v, =0;
(iv) one outgoing characteristic: 4,J,=A4,p/p— dufc_.

The boundary values are denoted by a subscript 1, the average values in the zone
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next to the boundary have no subscript. The difference 4,a =a — a, for any variable
a. In a first-order accurate scheme we set 4,J, =0; for a second-order scheme 4,J,
is taken equal to half the difference of A4J, over the other side of the zone: 4,J, =}
(4J,)5_ 1y, for any j (see Appendix II). If the conditions (i) and (ii) are linearized,
the following linear system of equations is obtained:

2
ud -+ vdv +—i1A]c=0, (AL3a)
’y J—
g Ar_de (AL3b)
14 C
Adv=u, (AL3c)
dp A, (AL3d)
p c.
From this it follows that
(v2—uc_A4,J,)
p=p+p — (AL4)

(14 y(uc_fc?))

Condition (ii) now can be used to compute ¢? and by (i) and (iii), w, is found.
Finally, the density p,=yp,/c?.

The implicit time discretization requires the linearization of the flux f; with
respect to the conserved state quantities w in the interior zone. The only depen-
dence of f; on w is through Eq. (AL4), so we take

4 _d dp 4 dp (ALS)
dw dp, dw dp, dw’ '

At the outlet the static pressure is specified and there are two outgoing charac-

teristics. We now have the conditions.

(i) total enthalpy: H=c2/(y — 1)+ 3(u? + v?);

(ii) static pressure: p.=p_ = 1/y;

(i) 4,.J,=4,v/c;

(IV) ArJ3=Arp/p+Aru/C+'
The values at the boundary are denoted by the subscript r, the values in the zone
next to the boundary have no subscript, and the difference 4,a=a, —a for any a.

Again we set 4.J,=4.J;=0 for the first-order scheme and extrapolate for the
second-order scheme. We readily obtain

ur=u+c+<p;pr+A,J3>,

r

(AL6)
v,=v+cd.J,.
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From these values ¢2 follows by condition (i) and p,=17p,/c?. For the derivative of
the flux £, with respect to the internal state quantities w we neglect the derivatives of
c,, d.J,, and 4. J,.

At the lower and upper wall the boundaries are simulated by the introduction of
an extra zone having reflected state quantities,

: (AL7)

Here p, u, and v are the quantities in the interior zone next to the boundary,
whereas the primed quantities are the reflected ones. The angle « denotes the local
angle of the wall with respect to the horizontal axis, which is zero except at the arc.
From the primed quantities the split flux is computed and its linearization is found
by using (AL6).

APPENDIX II: SECOND-ORDER ACCURACY

Second-order accuracy in space can be obtained by assuming a set of basic quan-
tities to be piecewise linear rather than piecewise constant [11]. The distribution of
a quantity ¢ in zone (i, j) can be described by

q(&,n)= q;+ é(d_xq)y + n(m)ij,

X=Xy Y=Yy
{="rr——, n=—
4;x 4;y

(AIL1)
1El<3,  Inl<s.

The x and y components 4 g and 2:5 of the gradient within a zone can be found
from neighboring values by finite differencing and averaging with a procedure that
preserves monotonicity. It has been found in an earlier paper [1], that the differen-
ces of the characteristic variables (given by Eqgs. (AL1) for our test problem) are
best suited for the determination of gradients. The computation of the x component
of the gradient is described below. For the y component similar results are
obtained.

In a given zone (i, j) the x component of the gradient can be found by first com-
puting the differences 4J, (k=1, 2, 3) across zone boundaries, for instance,

(pi—Pi 1)) (uy—u;_1,)
4,J1)ic1p,= ; L y ] ) AIL2
ATV =T porp ) (e ey A

Here we have assumed an equidistant grid. The obvious way of determining 4=
(4,.Jy),fromd_=(4,J,);_,,and 4 =(4,J,);,,, would be =34, +4,),
but this leads to oscillations at the foot or head of a discontinuity. To preserve
monotonicity near discontinuities, the value of £ has to be limited to O(4x) [11].
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A smooth switch due to Van Albada [12], is given by

A, (4% +&2)+4_(4% +¢2)
(42 +€2)+ (4% +¢2)

A= (AlL3)

It adopts the arithmetic mean of 4 _ and 4, in smooth regions, but tends to the
smaller of the two in the neighborhood of discontinuities. The bias ¢, prevents
division by zero and may be tuned to prevent the clipping of smooth extrema. It is
recommended to use such a smooth switch rather than a non-smooth one. The lat-
ter kind might cause problems during convergence.

In our test problem we used the L,-norm of 4,.J, and 4,J, (k=1, 2, 3) to deter-
mine an optimum value for ¢,, resulting in ¢,=0.08 4x for all our second-order
runs (note that Ax = Ay). This value was determined a posteriori. For practical pur-
poses the optimum value of ¢, could be determined at several stages of the iteration
process, for instance, just before the freezing of the linearization as described in Sec-
tion 4.

At the lower and upper wall the differences across the boundary are computed

with the aid of the reflected quantities. At the inlet and outlet the procedure
described in Appendix I is followed.
_The differences (4.J,), 41/, and (4,J;);;. ., are averaged by (AIL3) to find
(4.J,):; and (4,J,),,, which are then transformed into gradients for p, u, and v
through Egs. (ALla)-(ALlc). We have thus obtained all the numerical values
required to evaluate (AIL1), for g=p, u, or v.

For the computation of the split fluxes at the zone boundaries we now can use
(AIL1) instead of zeroth-order extrapolation. For the x direction we obtain

Pir1p, =Pyt (4.0
uiil/Z.jzuiji%(A——xu)y" (Al14)

_ YA
Vig1p,=VUyk E(Axv)ij-

These values are used to compute the split fluxes at the zone boundaries: /%, ;=
S Pis 12 Uit12,) Vit 1/2,5)

The quantities (df */dw);,,,,;, needed in scheme (2), are computed only
approximately. Their dependence on w;, w,_, and w,, , is simplified by assuming

that
= (%)
—_— = rr—— 5 AIIS
< W /s, W [y iny ( )

as in [1]. This incomplete linearization yields a linear system of the same form as
for first-order space differencing, i.e., the block-pentadiagonal form (19). For large
At, however, the second-order scheme does not turn into Newton’s method, imply-
ing some loss of convergence speed.
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